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SOME SHARP SCHWARZ-PICK TYPE ESTIMATES OF
HARMONIC AND PLURIHARMONIC FUNCTIONS
SHAOLIN CHEN AND HIDETAKA HAMADA
Abstract. The purpose of this paper is to study the Schwarz-Pick type inequal-
ities for harmonic or pluriharmonic functions with values in the unit ball of the
Minkowski space. By analogy with the generalized Khavinson conjecture, we first
give some sharp estimates of the norm of harmonic functions from the Euclidean
unit ball in Rn into the unit ball of the real Minkowski space. Next, we give
several sharp Schwarz-Pick type inequalities for pluriharmonic functions from the
Euclidean unit ball in Cn or from the unit polydisc in Cn into the unit ball of the
Minkowski space. Finally, we establish the Schwarz-Pick type inequalities for par-
tial derivatives of arbitrary order for pluriharmonic functions from the Euclidean
unit ball in Cn into the unit disc in C.
1. Preliminaries and main results
Sharp Schwarz-pick type (or gradient) estimates for harmonic functions and an-
alytic functions are important at lots of places in physics. Estimates of such type
arose naturally in the theory of hydrodynamics of ideal or the viscous incompress-
ible fluids, elasticity theory, electrostatics and so on (cf. [18, 23, 28]). This paper
continues the study of previous work of Colonna [6], Kalaj [14], Liu [19], Markovic´
[22] and Melentijevic´ [23]. In order to state our main results, we need to recall some
basic definitions and results which motivate the present work.
In this paper, we write an n-variable power series
∑
α aαz
α using the standard
multi-index notation: α denotes an n-tuple (α1, . . . , αn) of nonnegative integers, |α|
denotes the sum
∑n
k=1 αk of its components, α! denotes the product
∏n
k=1 αk! of the
factorials of its components, z denotes an n-tuple (z1, . . . , zn) of complex numbers,
and zα denotes the product
∏n
k=1 z
αk
k .
Let Cn be the complex space of dimension n, where n is a positive integer. We
can also interpret Cn as the real 2n-space R2n. We use ℓnp to denote the Minkowski
space defined by Cn together with the p-norm
‖z‖p :=


(
n∑
j=1
|zj|p
)1/p
, p ∈ [1,∞),
max
1≤j≤n
|zj |, p =∞.
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It is well known that ℓnp is a Banach space. For p ∈ [1,∞], let Bℓnp := {z ∈
Cn : ‖z‖p < 1} and Bℓnp := {x ∈ Rn : ‖x‖p < 1}. In particular, let D := Bℓ1p .
The Schwarz-Pick type lemmas and their applications. The classical Schwarz-
Pick lemma states that an analytic function f of D into itself satisfies
(1.1) |f ′(z)| ≤ 1− |f(z)|
2
1− |z|2 , z ∈ D.
In [3, Theorem 6.26], there is the following Schwarz-Pick lemma for a real-valued
harmonic function u of D into (−1, 1):
(1.2) ‖∇u(0)‖2 ≤ 4
π
.
In fact, the inequality (1.2) can be rewritten into the following form:
|f ′(z)| ≤ 4
π
1
1− |z|2 supw∈D |Re(f(w))|,
where f is an analytic function in D (cf. [21]). In 1989, Colonna [6] proved the
following sharp Schwarz-Pick lemma for complex-valued harmonic functions f of D
into itself:
(1.3)
∣∣∣∣∂f(z)∂z
∣∣∣∣+
∣∣∣∣∂f(z)∂z
∣∣∣∣ ≤ 4π 11− |z|2 , z ∈ D.
However, for a real-valued harmonic function u of D into (−1, 1), Kalaj and Vourinen
[15] improved the classical inequality (1.2) into the following sharp form:
(1.4) ‖∇u(z)‖2 ≤ 4
π
1− |u(z)|2
1− |z|2 , z ∈ D.
In the mentioned book of Protter and Weinberger [28], there is the following
estimate of the gradient of a harmonic function of a domain Ω ⊂ Rn (n ≥ 2) into R:
(1.5) ‖∇u(x)‖2 ≤ nωn−1
(n− 1)ωndΩ(x)oscΩ(u),
where ωn is the volume of Bℓn
2
, ωn−1 is the area of ∂Bℓn
2
, oscΩ(u) is the oscillation
of u in Ω, and dΩ(x) is the distance from x to the boundary ∂Ω of Ω. (1.5) is a
consequence of the following inequality:
‖∇u(0)‖2 ≤ 2nωn−1
(n− 1)ωnR sup‖y‖2<R
|u(y)|.
We refer the reader to see [17] for more details.
For any fixed x ∈ Bℓn
2
, let C(x) be the smallest number such that the following
inequality
‖∇u(x)‖2 ≤ C(x) sup
y∈Bℓn
2
|u(y)|
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holds for all bounded harmonic functions u of Bℓn
2
into R. Similarly, for x ∈ Bℓn
2
and ι ∈ ∂Bℓn
2
, denote by C(x, ι) the smallest number such that the inequality
|〈∇u(x), ι〉| ≤ C(x, ι) sup
y∈Bℓn
2
|u(y)|
holds for all bounded harmonic functions u ofBℓn
2
into R, where 〈·, ·〉 is the Euclidean
inner product on Rn. Since
‖∇u(x)‖2 = sup
ι∈∂Bℓn
2
|〈∇u(x), ι〉|,
we see that
C(x) = sup
ι∈∂Bℓn
2
C(x, ι).
In [17, p. 171], Kresin and Maz’ya posed the generalized Khavinson problem for
bounded harmonic functions of Bℓn
2
into R as follows (see also [16, p. 220], [23,
Conjecture 1] and [19, Conjecture 1]).
Conjecture 1.1. For x ∈ Bℓn
2
\{0}, we have
C(x) = C(x,nx),
where nx := x/‖x‖2 is the unit outward normal vector to the sphere ‖x‖2∂Bℓn
2
:=
{y ∈ Rn : ‖y‖2 = ‖x‖2} at x.
In 2017, Markovic´ [22] proved this conjecture when x is near the boundary of
the unit ball. Kalaj [14] showed that the conjecture is true for n = 4. In 2019,
Melentijevic´ [23] proved the following result, which confirmed the conjecture for
n = 3.
Theorem A. ([23, Theorem 2]) If u is a bounded harmonic function of Bℓ3
2
into R,
then we have the following sharp inequality:
‖∇u(x)‖2 ≤ 1‖x‖22

(1 + 13‖x‖22) 32
1− ‖x‖22
− 1

 ‖u‖∞, x ∈ Bℓ3
2
.
See [18, Chapter 6] for solutions of various Khavinson-type extremal problems
for harmonic functions on Bℓn
2
and on a half-space in Rn. Very recently, Liu [19]
showed the following result, which confirmed the generalized Khavinson conjecture
for n ≥ 3.
Theorem B. ([19, Theorem 2]) For n ≥ 3, if u is a bounded harmonic function of
Bℓn
2
into R, then we have the following sharp inequality:
‖∇u(x)‖2 ≤ cn
1− ‖x‖22
{∫ 1
−1
∣∣t− n−2
n
‖x‖2
∣∣ (1− t2)n−32
(1− 2t‖x‖2 + ‖x‖22)
n−2
2
dt
}
‖u‖∞, x ∈ Bℓn
2
,
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where cn =
2Γ(n+22 )
Γ( 12)Γ(
n−1
2 )
and Γ(x) is the Gamma function.
For p ∈ [1,∞], let f be a differentiable function of Bℓn
2
into Bℓkp , where k is a
positive integer. Denote by
|∇‖f(z)‖p| := lim sup
w→z
|‖f(z)‖p − ‖f(w)‖p|
‖z − w‖2
the gradient of ‖f‖p. In [26, 27], Pavlovic´ showed that the inequality (1.1) does not
hold for analytic functions f of D into Bℓk
2
, where k ≥ 2 is an integer. For example,
the function f(z) = (z, 1)/
√
2 for z ∈ D satisfies
‖f ′(0)‖2 =
√
1− ‖f(0)‖22 > 1− ‖f(0)‖22.
However, Pavlovic´ proved that if f is an analytic functions of D into Bℓn
2
, then
(1.6) |∇‖f(z)‖2| ≤ 1− ‖f(z)‖
2
2
1− |z|2
for all z ∈ D. By analogy with the generalized Khavinson Conjecture, it is nature
to ask the following question.
Question 1.2. For p ∈ (1,∞) and n ≥ 3, let u be a harmonic function of Bℓn
2
into
Bℓνp , where ν is a positive integer. Is there the sharp upper bound C
∗(x) such that
the following inequality
|∇‖u(x)‖p| ≤ C∗(x), x ∈ Bℓn
2
holds?
Based on the work of Liu, we give an answer to Question 1.2 as follows.
Theorem 1.3. For p ∈ (1,∞) and n ≥ 3, let u be a harmonic function of Bℓn
2
into
Bℓνp , where ν is a positive integer. Then, for x ∈ Bℓn2 , we have the following sharp
inequality:
(1.7)
∣∣∇‖u(x)‖p∣∣ ≤ cn
1− ‖x‖22
{∫ 1
−1
∣∣t− n−2
n
‖x‖2
∣∣ (1− t2)n−32
(1− 2t‖x‖2 + ‖x‖22)
n−2
2
dt
}
,
where cn is the same as in Theorem B.
A twice continuously differentiable complex-valued function f defined on a domain
Ω ⊂ Cn is called a pluriharmonic function if for each fixed z ∈ Ω and θ ∈ ∂Bℓn
2
, the
function f(z + ζθ) is harmonic in {ζ : |ζ | < dΩ(z)} (cf. [10, 30, 32]). Obviously,
all pluriharmonic functions are harmonic. If Ω ⊂ Cn is a simply connected domain
containing the origin, then a function f : Ω → C is pluriharmonic if and only if f
has a representation f = h+ g, where h and g are holomorphic in Ω with g(0) = 0
(see [32]). Furthermore, a twice continuously differentiable real-valued function in a
simply connected domain Ω is pluriharmonic if and only if it is the real part of some
holomorphic mapping on Ω. In particular, if n = 1, then pluriharmonic functions
are planar harmonic functions (cf. [9]).
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In [33], Zhu considered Question 1.2 for pluriharmonic functions and established
a Schwarz-Pick type estimate for pluriharmonic functions f of Bℓn
2
into itself as
follows.
Theorem C. ([33, Theorem 1.1]) For n ≥ 1, let f be a pluriharmonic function of
Bℓn
2
into itself. Then the following inequality
|∇‖f(z)‖2| ≤ 4
√
n
π
1
(1− ‖z‖2)
holds for all z ∈ Bℓn
2
.
In the following, we improve and generalize Theorem C into the sharp form.
Theorem 1.4. For n ≥ 1 and p ∈ (1,∞), let f be a pluriharmonic function of Bℓn
2
into Bℓνp , where ν is a positive integer. Then the following inequality holds:
(1.8) |∇‖f(z)‖p| ≤ 4
π
1
1− ‖z‖22
, z ∈ Bℓn
2
.
Furthermore, (1.8) is sharp for each z ∈ Bℓn
2
.
In particular, if u is a pluriharmonic function of Bℓn
2
into Bℓνp , then we have a
better estimate as follows, where ν is a positive integer.
Theorem 1.5. For n ≥ 1 and p ∈ (1,∞), let u be a pluriharmonic function of Bℓn
2
into Bℓνp , where ν is a positive integer. Then for z ∈ Bℓn2 ,
(1.9)
∣∣∇‖u(z)‖p∣∣ ≤ 4
π
1− ‖u(z)‖2p
1− ‖z‖22
.
The inequalities (1.9) is sharp for each z.
We give the following Schwarz-Pick type estimate for pluriharmonic functions and
we will use it to discuss the Lipschitz characteristic of harmonic functions.
Theorem 1.6. For n ≥ 1, let f = (f1, . . . , fν) : Bℓn∞ 7→ Bℓν2 be a pluriharmonic
function, where ν is a positive integer. Then, for z ∈ Bℓn∞, we have
(1.10)
ν∑
j=1
n∑
k=1
(∣∣∣∣∂fj(z)∂zk
∣∣∣∣
2
+
∣∣∣∣∂fj(z)∂zk
∣∣∣∣
2
)
(1− |zk|2)2 ≤ 1− ‖f(z)‖22.
and
(1.11)
ν∑
j=1
n∑
k=1
(∣∣∣∣∂fj(z)∂zk
∣∣∣∣
2
+
∣∣∣∣∂fj(z)∂zk
∣∣∣∣
2
)
≤ 1− ‖f(z)‖
2
2
(1− ‖z‖2∞)2
.
Moreover, the inequality (1.10) is sharp for each z ∈ Bℓn∞.
For a given constant α ∈ (0,∞) and a given subset Ω of C, a function f : Ω 7→ Cn
is said to belong to the Lipschitz space Λα(Ω) if there is a constant C ≥ 1 such that
for all z, w ∈ Ω,
‖f(z)− f(w)‖2 ≤ C|z − w|α.
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For the related investigation of this topic for analytic functions, we refer to [11, 12,
25].
A domain Ω ⊆ C is said to be linearly connected if there exists a constant M > 0
such that any two points v1, v2 ∈ Ω can be connected by a smooth curve γ ⊂ Ω with
length ℓ(γ) ≤ M |v1 − v2| (see [5]). By applying Theorem 1.6, we get the following
result.
Theorem 1.7. Suppose that Ω is a linearly connected proper subdomain of C. Let
f : Ω 7→ Cn be a harmonic function, where n ≥ 2. If ‖f‖22 ∈ Λ2(Ω), then f ∈ Λ1(Ω).
The Schwarz-Pick type lemmas of arbitrary order. In 1920, Sza´sz [31] ex-
tended the inequality (1.1) to the following estimate involving higher order deriva-
tives:
(1.12) |f (2k+1)(z)| ≤ (2k + 1)!
(1− |z|2)2k+1
k∑
j=0
(
k
j
)2
|z|2j,
where k ∈ {1, 2, . . .}. Later, Ruscheweyh (cf. [1, 2]) improved (1.12) to the following
sharp form:
|f (k)(z)| ≤ k!(1− |f(z)|
2)
(1− |z|)k(1 + |z|) .
On the Schwarz-Pick type estimates for derivatives of arbitrary order on bounded
analytic functions of Bℓn
2
into C, see [7, 20].
The second aim of this paper is to generalize (1.3) to the unit ball Bℓn
2
, and give
an estimate for the partial derivatives of arbitrary order which is sharp in the case
n = 1. One should note that the higher dimensional case is very different from
the one dimensional situation and, because we are dealing with partial derivatives
of arbitrary order, the method of proof from [6] can not be used. The result is as
follows.
Theorem 1.8. Suppose that f is a pluriharmonic function of Bℓn
2
into C satisfying
supz∈Bℓn
2
|f(z)| ≤ 1, where n ≥ 1.
(i) If n = 1, then for z ∈ Bℓ1
2
= D,∣∣∣∣∂mf(z)∂zm
∣∣∣∣ +
∣∣∣∣∂mf(z)∂zm
∣∣∣∣ ≤ 4πm! (1 + |z|)
m−1
(1− |z|2)m ,
where m ≥ 1. The constant 4/π in this inequality can not be improved.
(ii) If n ≥ 2, then for z ∈ Bℓn
2
,∣∣∣∣ ∂|m|f(z)∂zm11 · · ·∂zmnn
∣∣∣∣+
∣∣∣∣ ∂|m|f(z)∂zm11 · · ·∂zmnn
∣∣∣∣ ≤ 4πn |m|2
(
n+ |m| − 1
n− 1
)
|m|!
∏n
j=1(1 + |zj |)mj
(1− ‖z‖22)|m|
,
where m = (m1, . . . , mn) 6= 0 is a multi-index.
Remark 1.9. We remark that if n = m = 1, then Theorem 1.8 coincides with (1.3)
(or [6, Theorem 3] ). Moreover, the growth rate of the formula
(
n+|m|−1
n−1
)
in Theorem
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1.8 can be estimated. It follows from Stirling’s formula (cf. [24]) that there is an
absolute constant c ∈ [1, e] such that for any n and m,
(1.13)
(
n + |m| − 1
n− 1
)
≤ c|m|
(
1 +
n
|m|
)|m|
.
In particular, for the extension of (1.3) on the polydisc Bℓn∞ , n ≥ 2, see [4]. It is well
known that there are no biholomorphic mappings between Bℓn∞ and Bℓn2 in the case
n ≥ 2. Hence, the research methods to deal with these two situations are completely
different (see [29, 30]).
The proofs of Theorems 1.3, 1.4, 1.5, 1.6, and 1.7 will be proved in section 2. In
section 3, we will show Theorem 1.8.
2. The Schwarz-Pick type lemmas and their applications
For a differentiable mapping f : Bℓn
2
→ Rk, let Df(z) denote the Fre´chet deriva-
tive of f at z, where k is a positive integer.
Lemma 2.1. For p ∈ (1,∞), let f be a C1 class function of Bℓn
2
into Bℓkp , where k
is a positive integer. Then,
(2.1) |∇‖f(z)‖p| = sup
‖θ‖2=1
lim sup
ρ→0+
|‖f(z + ρθ)‖p − ‖f(z)‖p|
ρ
, z ∈ Bℓn
2
holds.
Proof. We divide the proof into two cases.
Case 2.1. Let z ∈ P := {ς ∈ Bℓn
2
: f(ς) = 0} be fixed.
Elementary calculations lead to
sup
‖θ‖2=1
lim sup
ρ→0+
|‖f(z + ρθ)‖p − ‖f(z)‖p|
ρ
= sup
‖θ‖2=1
lim sup
ρ→0+
‖f(z + ρθ)− f(z)‖p
ρ
= sup
‖θ‖2=1
‖Df(z)θ‖p
and
|∇‖f(z)‖p| = lim sup
w→z
‖f(w)− f(z)‖p
‖w − z‖2 = lim supw→z
∥∥∥∥Df(z) w − z‖w − z‖2
∥∥∥∥
p
= sup
‖θ‖2=1
‖Df(z)θ‖p,
which imply (2.1).
Case 2.2. Let z ∈ Bℓn
2
\P be fixed.
In this case, let Ψ(w) = ‖f(w)‖p for w ∈ Bℓn
2
. It is not difficult to know that Ψ
is C1 on a neighbourhood of z. Then (2.1) follows from the following two formulas:
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|∇‖f(z)‖p| = lim sup
w→z
|Ψ(w)−Ψ(z)|
‖w − z‖2 = lim supw→z
∣∣∣∣DΨ(z) w − z‖w − z‖2
∣∣∣∣
= sup
‖θ‖2=1
|DΨ(z)θ|
and
sup
‖θ‖2=1
lim sup
ρ→0+
|‖f(z + ρθ)‖p − ‖f(z)‖p|
ρ
= sup
‖θ‖2=1
lim sup
ρ→0+
|Ψ(z + ρθ)−Ψ(z)|
ρ
= sup
‖θ‖2=1
|DΨ(z)θ|.
This completes the proof. 
The proof of Theorem 1.3. For p ∈ (1,∞) and n ≥ 3, let u = (u1, . . . , uν) be a
harmonic function of Bℓn
2
into Bℓνp . We divide the proof of (1.7) into two steps.
Step 2.1. We first estimate
∣∣∇‖u(x)‖p∣∣ for x ∈ Ω := {y ∈ Bℓn
2
: u(y) 6= 0}.
By Lemma 2.1, we have
(2.2) |∇‖u(x)‖p| = max
ϑ∈∂Bℓn
2
∣∣∣∣∣
n∑
j=1
∂‖u(x)‖p
∂xj
ϑj
∣∣∣∣∣ =
(
n∑
j=1
∣∣∣∣∂‖u(x)‖p∂xj
∣∣∣∣
2
) 1
2
.
Elementary calculations yield
(2.3)
∂‖u(x)‖p
∂xj
=
ν∑
k=1
|uk(x)|p−2uk(x)
‖u(x)‖p−1p
∂uk(x)
∂xj
=
〈
∂u(x)
∂xj
, η(x)
〉
for j ∈ {1, . . . , n}, where
∂u(x)
∂xj
=
(
∂u1(x)
∂xj
, . . . ,
∂uν(x)
∂xj
)
and
η(x) =
( |u1(x)|p−2u1(x)
‖u(x)‖p−1p
, . . . ,
|uν(x)|p−2uν(x)
‖u(x)‖p−1p
)
.
It is not difficult to know that η ∈ ∂Bℓνq , where 1q + 1p = 1. By (2.2) and (2.3), we
obtain
(2.4) |∇‖u(x)‖p| =
∥∥(Du(x))T (η(x))T∥∥
2
,
where “T” denotes the transpose of a matrix and
Du(x) =


∂u1(x)
∂x1
· · · ∂u1(x)
∂xn
... · · · ...
∂uν(x)
∂x1
· · · ∂uν(x)
∂xn


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is the Fre´chet derivative of u at x.
For any fixed α = (α1, . . . , αν) ∈ ∂Bℓνq , let
(2.5) uα(y) = 〈u(y), α〉, y ∈ Bℓn
2
.
Then the Ho¨lder inequality implies
|uα| = |〈u, α〉| ≤
(
ν∑
j=1
|uj|p
) 1
p
(
ν∑
j=1
|αj|q
) 1
q
< 1.
An application of Theorem B to the bounded harmonic function uα gives that, for
all x ∈ Bℓn
2
,
‖∇uα(x)‖2 =
∥∥(Du(x))TαT∥∥
2
≤ cn
1− ‖x‖22
{∫ 1
−1
∣∣t− n−2
n
‖x‖2
∣∣ (1− t2)n−32
(1− 2t‖x‖2 + ‖x‖22)
n−2
2
dt
}
,
which, together with (2.4), implies that (1.7) holds.
Step 2.2. Next, we estimate
∣∣∇‖u(x)‖p∣∣ for x ∈ Bℓn
2
\ Ω.
By Lemma 2.1, we have
|∇‖u(x)‖p| = lim sup
y→x
|‖u(x)‖p − ‖u(y)‖p|
‖x− y‖2(2.6)
= max
ϑ∈∂Bℓn
2
lim sup
ρ→0+
‖u(x+ ρϑ)− u(x)‖p
ρ
= max
ϑ∈∂Bℓn
2
(
ν∑
k=1
|〈∇uk(x), ϑ〉|p
) 1
p
.
For any fixed α = (α1, . . . , αν) ∈ ∂Bℓνq , where 1q + 1p = 1, let uα be the harmonic
function defined in (2.5). It follows from Theorem B that
max
ϑ∈∂Bℓn
2
∣∣∣∣∣
ν∑
j=1
〈∇uj(x), ϑ〉αj
∣∣∣∣∣ = maxϑ∈∂Bℓn
2
lim
ρ→0+
|uα(x+ ρϑ)− uα(x)|
ρ
(2.7)
= ‖∇uα(x)‖2
≤ cn
1− ‖x‖22
{∫ 1
−1
∣∣t− n−2
n
‖x‖2
∣∣ (1− t2)n−32
(1− 2t‖x‖2 + ‖x‖22)
n−2
2
dt
}
.
For j ∈ {1, . . . , ν}, let ψj(x) = 〈∇uj(x), ϑ〉. Without loss of generality, we may
assume that
∑ν
j=1 |ψj(x)|2 6= 0. Then let
(2.8) αj := αj(ϑ) =
|ψj(x)|p−2ψj(x)(∑ν
j=1 |ψj(x)|p
) p−1
p
.
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It is not difficult to know that α := α(ϑ) ∈ ∂Bℓνq . Hence (1.7) follows from (2.6),
(2.7) and (2.8).
Next, we prove the sharpness part of (1.7). Let u = (u1, 0, . . . , 0) be a harmonic
function of Bℓn
2
into Bℓνp , where u1 is an extremal function of Theorem B. Then
‖u‖p = |u1|. We split the remaining proof into two cases
Case 2.3. Let x ∈ P∗ := {y ∈ Bℓn
2
: u1(y) = 0}.
In this case, by (2.6), we have
|∇‖u(x)‖p| = lim sup
y→x
|‖u(x)‖p − ‖u(y)‖p|
‖x− y‖2 = lim supy→x
|u1(x)− u1(y)|
‖x− y‖2
= ‖∇u1(x)‖2.
Case 2.4. Let x ∈ Bℓn
2
\P∗.
By (2.2), we see that
|∇‖u(x)‖p| = max
ϑ∈∂Bℓn
2
∣∣∣∣∣
n∑
j=1
∂|u1(x)|
∂xj
ϑj
∣∣∣∣∣ = maxϑ∈∂Bℓn
2
∣∣∣∣∣
n∑
j=1
∂u1(x)
∂xj
u1(x)
|u1(x)|ϑj
∣∣∣∣∣ = ‖∇u1(x)‖2.
The proof of this theorem is complete. 
The proof of Theorem 1.4. Let f = (f1, . . . , fν) be a pluriharmonic function of
Bℓn
2
into Bℓνp . We divide the proof of (1.8) into two cases.
Case 2.5. n = 1.
We split the proof of this case into two steps.
Step 2.3. We first estimate |∇‖f(z)‖p| for z = x+ iy ∈ Ω := {Z ∈ D : ‖f(Z)‖p 6=
0}.
Since
max
α∈[0,2π]
∣∣∣∣∂‖f(z)‖p∂x cosα + ∂‖f(z)‖p∂y sinα
∣∣∣∣ = 12
( ∣∣∣∣∂‖f(z)‖p∂x + i∂‖f(z)‖p∂y
∣∣∣∣
+
∣∣∣∣∂‖f(z)‖p∂x − i∂‖f(z)‖p∂y
∣∣∣∣
)
,
by Lemma 2.1, we see that
|∇‖f(z)‖p| = max
α∈[0,2π]
lim sup
ρ→0+
|‖f(z + ρeiα)‖p − ‖f(z)‖p|
ρ
(2.9)
= max
α∈[0,2π]
∣∣∣∣∂‖f(z)‖p∂x cosα + ∂‖f(z)‖p∂y sinα
∣∣∣∣
=
∣∣∣∣∂‖f(z)‖p∂z
∣∣∣∣+
∣∣∣∣∂‖f(z)‖p∂z
∣∣∣∣ .
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Next, we estimate
∣∣∣∂‖f(z)‖p∂z ∣∣∣+ ∣∣∣∂‖f(z)‖p∂z ∣∣∣. Elementary computations give that
(2.10)
∂‖f(z)‖p
∂z
=
1
2
‖f(z)‖1−pp
ν∑
k=1
|fk(z)|p−2
(
∂fk(z)
∂z
fk(z) +
(
∂fk(z)
∂z
)
fk(z)
)
and
(2.11)
∂‖f(z)‖p
∂z
=
1
2
‖f(z)‖1−pp
ν∑
k=1
|fk(z)|p−2
(
∂fk(z)
∂z
fk(z) +
(
∂fk(z)
∂z
)
fk(z)
)
.
Let
(2.12) ξ(z) =
( |f1(z)|p−2f1(z)
‖f(z)‖p−1p
, · · · , |fν(z)|
p−2fν(z)
‖f(z)‖p−1p
)
.
Then ξ(z) ∈ ∂Bℓνq , where 1q + 1p = 1. It follows from (2.10), (2.11) and (2.12) that
∂‖f(z)‖p
∂z
=
1
2
(
〈∂f(z), ξ(z)〉+ 〈∂f(z), ξ(z)〉
)
and
∂‖f(z)‖p
∂z
=
1
2
(
〈∂f(z), ξ(z)〉+ 〈∂f(z), ξ(z)〉
)
,
where ∂f(z) =
(
∂f1(z)
∂z
, · · · , ∂fν(z)
∂z
)
, ∂f(z) =
(
∂f1(z)
∂z
, · · · , ∂fν(z)
∂z
)
and 〈·, ·〉 is the
Euclidean inner product on Cn. Hence we obtain the following inequality
(2.13)
∣∣∣∣∂‖f(z)‖p∂z
∣∣∣∣ +
∣∣∣∣∂‖f(z)‖p∂z
∣∣∣∣ ≤ |〈∂f(z), ξ(z)〉|+ |〈∂f(z), ξ(z)〉|.
Now we estimate |〈∂f(z), ξ(z)〉| + |〈∂f(z), ξ(z)〉|. For any fixed θ = (θ1, . . . , θν) ∈
∂Bℓνq , let Fθ(w) = 〈f(w), θ〉, w ∈ D. Then by Ho¨lder’s inequality, we have
|Fθ(w)| ≤ |〈f(w), θ〉| ≤
(
ν∑
k=1
|fk(w)|p
) 1
p
(
ν∑
k=1
|θk|q
) 1
q
< 1.
This implies that Fθ is a harmonic function of D into itself. For any fixed θ ∈ ∂Bℓνq ,
an application of (1.3) to Fθ gives
(2.14)
∣∣∣∣∂Fθ(z)∂z
∣∣∣∣ +
∣∣∣∣∂Fθ(z)∂z
∣∣∣∣ = |〈∂f(z), θ〉|+ |〈∂f(z), θ〉| ≤ 4π 11− |z|2 .
Combining (2.9), (2.13) and (2.14), we conclude that
|∇‖f(z)‖p| =
∣∣∣∣∂‖f(z)‖p∂z
∣∣∣∣+
∣∣∣∣∂‖f(z)‖p∂z
∣∣∣∣ ≤ 4π 11− |z|2 .
Step 2.4. Next, we estimate |∇‖f(z)‖p| for z = x+ iy ∈ D\Ω.
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By Lemma 2.1, we see that
|∇‖f(z)‖p| = max
α∈[0,2π]
{
lim
ρ→0+
∣∣‖f(z + ρeiα)‖p − ‖f(z)‖p∣∣
ρ
}
(2.15)
= max
α∈[0,2π]
{
lim
ρ→0+
‖f(z + ρeiα)− f(z)‖p
ρ
}
= max
α∈[0,2π]
(
ν∑
k=1
∣∣∣∣∂fk(z)∂x cosα + ∂fk(z)∂y sinα
∣∣∣∣
p
) 1
p
.
For any fixed θ ∈ ∂Bℓνq , let Fθ(w) = 〈f(w), θ〉, w ∈ D. Then Fθ is a harmonic
function of D into itself. For all α ∈ [0, 2π], we have
lim
ρ→0+
|Fθ(z + ρeiα)− Fθ(z)|
ρ
=
∣∣∣∣∂Fθ(z)∂x cosα + ∂Fθ(z)∂y sinα
∣∣∣∣
=
∣∣∣∣eiα∂Fθ(z)∂z + e−iα∂Fθ(z)∂z
∣∣∣∣
≤
∣∣∣∣∂Fθ(z)∂z
∣∣∣∣+
∣∣∣∣∂Fθ(z)∂z
∣∣∣∣
and
∣∣∣∣∣
ν∑
k=1
(
∂fk(z)
∂x
cosα +
∂fk(z)
∂y
sinα
)
θk
∣∣∣∣∣ = limρ→0+
∣∣∣∣∣
ν∑
k=1
(fk(z + ρe
iα)− fk(z))
ρ
θk
∣∣∣∣∣
= lim
ρ→0+
|Fθ(z + ρeiα)− Fθ(z)|
ρ
,
which, together with (1.3), imply that
(2.16)
∣∣∣∣∣
ν∑
k=1
(
∂fk(z)
∂x
cosα +
∂fk(z)
∂y
sinα
)
θk
∣∣∣∣∣ ≤
∣∣∣∣∂Fθ(z)∂z
∣∣∣∣+
∣∣∣∣∂Fθ(z)∂z
∣∣∣∣ ≤ 4π 11− |z|2 .
For k ∈ {1, 2, · · · , ν}, let µk(z) = ∂fk(z)∂x cosα+ ∂fk(z)∂y sinα. Without loss of generality,
we assume
∑ν
k=1 |µk(z)|p 6= 0. Then we let
θk := θk(α) =
|µk(z)|p−2µk(z)
(
∑ν
k=1 |µk(z)|p)
p−1
p
.
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It is not difficult to know that θ(α) = (θ1(α), . . . , θν(α)) ∈ ∂Bℓνq . From (2.15) and
(2.16), we conclude that for z ∈ D\Ω,
|∇‖f(z)‖p| = max
α∈[0,2π]
(
ν∑
k=1
∣∣∣∣∂fk(z)∂x cosα + ∂fk(z)∂y sinα
∣∣∣∣
p
) 1
p
= max
α∈[0,2π]
∣∣∣∣∣
ν∑
k=1
(
∂fk(z)
∂x
cosα+
∂fk(z)
∂y
sinα
)
θk(α)
∣∣∣∣∣
≤ 4
π
1
1− |z|2 .
Case 2.6. n ≥ 2.
We also split the proof of this case into two steps.
Step 2.5. We first estimate |∇‖f(0)‖p|.
For any fixed θ ∈ ∂Bℓn
2
, let
Φθ(ζ) = f(ζθ), ζ ∈ D.
Then Φθ is a harmonic function of D into Bℓνp . By the case 2.5, we have
|∇‖Φθ(0)‖p| ≤ 4
π
.
Since θ ∈ ∂Bℓn
2
is arbitrary, in view of Lemma 2.1, we have
(2.17) |∇‖f(0)‖p| ≤ 4
π
.
Step 2.6. Next, we estimate |∇‖f(z)‖p| for z ∈ Bℓn
2
\ {0}.
In this case, by [30, Theorem 2.2.2], there exists an automorphism ϕz of Bℓn
2
such
that ϕz(0) = z and
D(ϕ−1z )(z)(w) = −
〈w, z〉z
‖z‖22(1− ‖z‖22)
− ‖z‖
2
2w − 〈w, z〉z
‖z‖22
√
1− ‖z‖22
,
where D(ϕ−1z )(z) is the Fre´chet derivative of ϕ
−1
z at z. Since f ◦ϕz is a pluriharmonic
function of Bℓn
2
into Bℓνp and
‖D(ϕ−1z )(z)‖ = sup
‖w‖2=1
‖D(ϕ−1z )(z)(w)‖2 =
1
1− ‖z‖22
,
by using (2.17), we have
|∇‖f(z)‖p| = lim sup
w→z
|‖f(z)‖p − ‖f(w)‖p|
‖z − w‖2
= lim sup
w→z
|‖f ◦ ϕz(0)‖p − ‖f ◦ ϕz(ϕ−1z (w))‖p|
‖ϕ−1z (w)‖2
· ‖ϕ
−1
z (w)− ϕ−1z (z)‖2
‖z − w‖2
≤ |∇‖f ◦ ϕz(0)‖p| · ‖D(ϕ−1z )(z)‖
≤ 4
π
1
1− ‖z‖22
.
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Therefore, combining the cases 2.5 and 2.6 yields the final estimate (1.8).
Next, we prove the sharpness part. Let a ∈ Bℓn
2
be arbitrarily fixed. There exists
a unitary transformation U such that Ua = (b1, 0, . . . , 0) for some b1 ∈ R with
b1 ∈ [0, 1). Obviously,
(2.18)
1
1− |b1|2 =
1
1− ‖a‖22
.
Let f : Bℓn
2
→ Bℓνp be such that
f˜(z) = (f ◦ U−1)(z) = ((g ◦ φ−b1)(z1), 0, . . . , 0) = (f˜1(z1), 0, . . . , 0),
where g(ζ) = 2
π
arctan i(ζ−ζ)
1−|ζ|2
and φ−b1(ζ) =
−b1+ζ
1−b1ζ
is a conformal automorphism of
D. Since f(a) = 0 and
lim sup
w→a
|‖f˜(Uw)‖p − ‖f˜(Ua)‖p|
‖Uw − Ua‖2 = sup|θ1|=1
lim sup
ρ→0+
|f˜1(b1 + ρθ1)− f˜1(b1)|
ρ
=
∣∣∣∣∣∂f˜1(b1)∂z1
∣∣∣∣∣+
∣∣∣∣∣∂f˜1(b1)∂z1
∣∣∣∣∣
=
4
π
1
1− |b1|2 ,
by (2.18), we conclude that
|∇‖f(a)‖p| = lim sup
w→a
|‖f(w)‖p − ‖f(a)‖p|
‖w − a‖2 = lim supw→a
|‖f˜(Uw)‖p − ‖f˜(Ua)‖p|
‖Uw − Ua‖2
=
4
π
1
1− ‖a‖22
.
The proof of this theorem is complete. 
The proof of Theorem 1.5. Let u = (u1, . . . , uν) be a pluriharmonic function of
Bℓn
2
into Bℓν
2
. We also divide the proof of (1.9) into two cases.
Case 2.7. n = 1.
We split the proof of this case into two steps.
Step 2.7. We first estimate
∣∣∇‖u(z)‖p∣∣ for z = x+ iy ∈ Ω := {ζ ∈ D : u(ζ) 6= 0}.
As in the proof of Theorem 1.4, we have
(2.19) |∇‖u(z)‖p| =
∣∣∣∣∂‖u(z)‖p∂z
∣∣∣∣+
∣∣∣∣∂‖u(z)‖p∂z
∣∣∣∣ .
By calculations, we obtain
∂‖u(z)‖p
∂z
=
ν∑
j=1
|uj(z)|p−2uj(z)
‖u(z)‖p−1p
∂uj(z)
∂z
=
1
2
〈
τ(z),
∂u(z)
∂x
〉
− i
2
〈
τ(z),
∂u(z)
∂y
〉
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and
∂‖u(z)‖p
∂z
=
1
2
〈
τ(z),
∂u(z)
∂x
〉
+
i
2
〈
τ(z),
∂u(z)
∂y
〉
,
which, together with (2.19), implies that
(2.20) |∇‖u(z)‖p| =
√∣∣∣∣
〈
∂u(z)
∂x
, τ(z)
〉∣∣∣∣
2
+
∣∣∣∣
〈
∂u(z)
∂y
, τ(z)
〉∣∣∣∣
2
,
where
τ(z) =
( |u1(z)|p−2u1(z)
‖u(z)‖p−1p
, . . . ,
|uν(z)|p−2uν(z)
‖u(z)‖p−1p
)
,
∂u(z)
∂x
=
(
∂u1(z)
∂x
, . . . , ∂uν(z)
∂x
)
and ∂u(z)
∂y
=
(
∂u1(z)
∂y
, . . . , ∂uν(z)
∂y
)
. Note that τ(z) ∈ ∂Bℓνq ,
where 1
q
+ 1
p
= 1. For any fixed θ ∈ Bℓνq , let Uθ(ς) = 〈u(ς), θ〉, ς ∈ D. Then we
infer from Ho¨lder’s inequality that Uθ is a real harmonic function of D into (−1, 1).
Hence, by (1.4), we have
‖∇Uθ(ς)‖2 =
√∣∣∣∣
〈
∂u(ς)
∂x
, θ
〉∣∣∣∣
2
+
∣∣∣∣
〈
∂u(ς)
∂y
, θ
〉∣∣∣∣
2
≤ 4
π
1− |Uθ(ς)|2
1− |ς|2 ,
which, together with (2.20), gives that
|∇‖u(z)‖p| ≤ 4
π
1− |Uτ(z)(z)|2
1− |z|2 =
4
π
1− ‖u(z)‖2p
1− |z|2 .
Step 2.8. Next, we estimate
∣∣∇‖u(z)‖p∣∣ for z ∈ D \ Ω.
This step follows from Theorem 1.4.
Case 2.8. n ≥ 2.
We also divide the proof of this case into two steps.
Step 2.9. We first estimate |∇‖u(0)‖p|.
For any fixed θ ∈ ∂Bℓn
2
, let ψθ(ξ) = u(ξθ), ξ ∈ D. Obviously, ψθ is a harmonic
function of D into Bℓν
2
. By Case 2.7, we have
|∇‖ψθ(0)‖p| ≤ 4
π
(
1− ‖ψθ(0)‖2p
)
=
4
π
(
1− ‖u(0)‖2p
)
.
It follows from Lemma 2.1 and the arbitrariness of θ that
(2.21) |∇‖u(0)‖p| ≤ 4
π
(
1− ‖u(0)‖2p
)
.
Step 2.10. Next, we estimate |∇‖u(z)‖p| for z ∈ Bℓn
2
\ {0}.
By using (2.21) and the similar reasoning as in the proof of Step 2.6 of Theorem
1.4, we obtain that
|∇‖u(z)‖p| ≤ 4
π
1− ‖u(z)‖2p
1− ‖z‖22
.
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Combining Cases 2.7 and 2.8 yields the final estimate (1.9).
To show that the inequality of (1.9) is sharp, let a ∈ Bℓn
2
be arbitrarily fixed.
There exists a unitary transformation U such that Ua = (a∗1, 0, . . . , 0) for some
a∗1 ∈ R with a∗1 ∈ [0, 1). Let u : Bℓn2 → Bℓνp be a harmonic function such that
u˜(z) := (u ◦ U−1)(z) = ((g ◦ φ−a∗
1
)(z1), 0, . . . , 0
)
= (u˜1(z1), 0, . . . , 0),
where g(ζ) = 2
π
arctan i(ζ−ζ)
1−|ζ|2
and φ−a∗
1
(ζ) =
−a∗
1
+ζ
1−a∗
1
ζ
is a conformal automorphism of
D. Since u(a) = 0, as in the proof of Theorem 1.4, we have
|∇‖u(a)‖p| = 4
π
1− ‖u(a)‖2p
1− ‖a‖22
.
The proof of this theorem is complete. 
The proof of Theorem 1.6. Since (1.11) easily follows from (1.10), we only need
to prove (1.10). Let β = (β1, . . . , βn) be a multi-index consisting of n nonnegative
integers βk, where k ∈ {1, . . . , n}. For z = (z1, . . . , zn) ∈ Bℓn∞ , we write f in the
following form
f(z) =
∑
β
aβz
β +
∑
β
bβz
β,
where aβ = (a1,β , . . . , aν,β), bβ = (b1,β, . . . , bν,β) and fj(z) =
∑
β aj,βz
β +
∑
β bj,βz
β
for j ∈ {1, . . . , ν}. For any ζ = (ζ1, . . . , ζn) ∈ Bℓn∞ , let ζ ⊗ θ := (ζ1eiθ1 , . . . , ζneiθn),
where θk ∈ [0, 2π] for k ∈ {1, . . . , n}. Then
1
(2π)n
∫ 2π
0
· · ·
∫ 2π
0
‖f(ζ ⊗ θ)‖22 dθ1 · · ·dθn = ‖f(0)‖22+
∞∑
|β|=1
(‖aβ‖22 + ‖bβ‖22) ∣∣ζβ∣∣2 ≤ 1.
By letting ζ → ∂Bℓn∞ , we get∑
|β|=1
(‖aβ‖22 + ‖bβ‖22) ≤ ∞∑
|β|=1
(‖aβ‖22 + ‖bβ‖22) ≤ 1− ‖f(0)‖22,
which implies that
(2.22)
ν∑
j=1
n∑
k=1
(∣∣∣∣∂fj(0)∂zk
∣∣∣∣
2
+
∣∣∣∣∂fj(0)∂zk
∣∣∣∣
2
)
≤ 1− ‖f(0)‖22.
For any fixed a = (a1, . . . , an) ∈ Bℓn∞ , let
F (ζ) = (F1(ζ), . . . , Fν(ζ)) = f(φa(ζ)),
where φa(ζ) = (φa1(ζ1), . . . , φan(ζn)) is a holomorphic automorphism of Bℓn∞ with
φak(ζk) =
ak+ζk
1+akζk
for k ∈ {1, . . . , n}. Elementary calculations show that
∂Fj(ζ)
∂ζk
=
∂fj(φa(ζ))
∂wk
φ′ak(ζk) =
∂fj(φa(ζ))
∂wk
1− |ak|2
(1 + akζk)2
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and
∂Fj(ζ)
∂ζk
=
∂fj(φa(ζ))
∂wk
φ′ak(ζk) =
∂fj(φa(ζ))
∂wk
1− |ak|2
(1 + akζk)
2
,
which, together with (2.22), imply
ν∑
j=1
n∑
k=1
(∣∣∣∣∂fj(a)∂wk
∣∣∣∣
2
+
∣∣∣∣∂fj(a)∂wk
∣∣∣∣
2
)
(1− |ak|2)2 =
ν∑
j=1
n∑
k=1
(∣∣∣∣∂Fj(0)∂ζk
∣∣∣∣
2
+
∣∣∣∣∂Fj(0)∂ζk
∣∣∣∣
2
)
≤ 1− ‖F (0)‖22
= 1− ‖f(a)‖22,
where wk = φak(ζk).
Next, we prove the sharpness part of (1.10). Let a ∈ Bℓn∞ be arbitrarily fixed.
For z ∈ Bℓn∞ , let f(z) = (f1(z), f2(z), . . . , fν(z)) ∈ Bℓν2 , where f1(z) = −a1+z11−a1z1 and
fj(z) ≡ 0 for j ∈ {2, . . . , ν}. Then
ν∑
j=1
n∑
k=1
(∣∣∣∣∂fj(a)∂zk
∣∣∣∣
2
+
∣∣∣∣∂fj(a)∂zk
∣∣∣∣
2
)
(1− |ak|2)2 = 1− ‖f(a)‖22.
The proof of this theorem is complete. 
The proof of Theorem 1.7. For any fixed point z ∈ Ω, we consider the function
F (ǫ) = f(z + d(z)ǫ)/Mz, ǫ ∈ D,
where d(z) := dΩ(z) andMz := sup{‖f(ι)‖2 : |ι−z| < d(z)}. Then F is a harmonic
mapping of D into Bℓn
2
,
∂F (ǫ) = d(z)∂f(z + d(z)ǫ)/Mz
and
∂F (ǫ) = d(z)∂f(z + d(z)ǫ)/Mz .
It follows from Theorem 1.6 that(‖∂F (0)‖22 + ‖∂F (0)‖22) 12 ≤ (1− ‖F (0)‖22) 12 ,
which implies
(2.23) d(z)
(‖∂f(z)‖22 + ‖∂f(z)‖22) 12 ≤ (M2z − ‖f(z)‖22) 12 .
Let η ∈ Dz(d(z)) := {λ ∈ C : |λ − z| < d(z)}. It follows from the assumption
‖f‖22 ∈ Λ2(Ω) that there is a positive constant C such that
‖f(η)‖22 − ‖f(z)‖22 ≤ C|η − z|2 ≤ C(d(z))2,
which yields
(2.24) M2z − ‖f(z)‖22 = sup
η∈D(z,d(z))
(‖f(η)‖22 − ‖f(z)‖22) ≤ C(d(z))2.
Combining (2.23) and (2.24) gives the following estimate
(2.25)
(‖∂f(z)‖22 + ‖∂f(z)‖22) 12 ≤ C 12 .
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Finally, since Ω is linearly connected, there exists a constant L > 0 such that given
any two points z1, z2 ∈ Ω, there exists a smooth curve γ ⊂ Ω with the endpoints
z1 and z2 such that ℓ(γ) ≤ L|z1 − z2|. Then, by (2.25) and the Cauchy-Schwarz
inequality, we have
‖f(z1)− f(z2)‖2 ≤
∫
γ
(‖∂f(z)‖2 + ‖∂f(z)‖2) |dz| ≤ (2C) 12L|z1 − z2|.
The proof of this proposition is complete. 
3. The Schwarz-Pick type lemmas of arbitrary order
We begin this part with the following useful Lemmas.
Lemma D. ([4, Lemma 1]) Let m be a positive integer and γ be a real constant.
Then ∫ 2π
0
| cos(mθ + γ)|dθ = 4.
Lemma 3.1. Let f(z) =
∑
α aαz
α +
∑
α bαz
α be a pluriharmonic function of Bℓnp
into C satisfying supz∈Bℓnp
|f(z)| ≤ 1, where p ∈ [1,∞]. Then for all |α| ≥ 1,
(3.1) |aα|+ |bα| ≤ 4
π
( |α||α|
αα
) 1
p
.
Moreover, the constant 4/π in (3.1) is sharp.
Proof. We first prove (3.1). Let f = h+ g be a pluriharmonic function of Bℓnp into C
satisfying supz∈Bℓnp
|f(z)| ≤ 1, where h(z) =∑α aαzα and g(z) =∑α bαzα. For any
ξ = (ξ1, . . . , ξn) = (ρ1e
iµ1 , . . . , ρne
iµn) ∈ Bℓnp ,
let ξ⊗ θ := (ξ1eiθ1 , . . . , ξneiθn), where µk, θk ∈ R and ρk = |ξk| for all k ∈ {1, . . . , n}.
Then ξ ⊗ θ ∈ Bℓnp . Let α with |α| ≥ 1 be fixed. Without loss of generality, we may
assume that |aα||bα| 6= 0. By the orthogonality, we have
|aα| |ξα| = 1
(2π)n
∫ 2π
0
· · ·
∫ 2π
0
e−i(arg aα+
∑n
k=1 αk(µk+θk))f(ξ ⊗ θ)dθ1 · · · dθn
and
|bα| |ξα| = 1
(2π)n
∫ 2π
0
· · ·
∫ 2π
0
ei(arg bα+
∑n
k=1 αk(µk+θk))f(ξ ⊗ θ)dθ1 · · · dθn,
which give that
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(|aα|+ |bα|) |ξα| ≤ 1
(2π)n
∫ 2π
0
· · ·
∫ 2π
0
∣∣∣1 + ei(arg aα+arg bα+2∑nk=1 αk(µk+θk))∣∣∣
× |f(ξ ⊗ θ)|dθ1 · · · dθn
≤ 2
(2π)n
∫ 2π
0
· · ·
∫ 2π
0
∣∣∣∣ cos
( n∑
k=1
αk(µk + θk)
+
arg aα + arg bα
2
)∣∣∣∣dθ1 · · · dθn.
(3.2)
Since |α| ≥ 1, without loss of generality, we may assume that α1 6= 0. It follows
from Lemma D that
∫ 2π
0
∣∣∣∣ cos
( n∑
k=1
αk(µk + θk) +
arg aα + arg bα
2
)∣∣∣∣dθ1 = 4,
which, together (3.2), implies that
(3.3) |aα|+ |bα| ≤ 4
π
inf
ξ∈Bℓnp
1
|ξα| .
From [8, p.43], we see that
(3.4) sup
ξ∈Bℓnp
|ξα| =
(
αα
|α||α|
)1/p
.
Therefore, combining (3.3) and (3.4) yields the final estimates
|aα|+ |bα| ≤ 4
π
inf
ξ∈Bℓnp
1
|ξα| =
4
π
( |α||α|
αα
) 1
p
.
Next, we prove the sharpness part. For z ∈ Bℓnp and some k ∈ {1, . . . , n}, let
f(z) =
2
π
arg
(
1 + z
|α|
k
1− z|α|k
)
.
Then
f(z) =
2
iπ
(
∞∑
j=1
1
2j − 1z
|α|(2j−1)
k −
∞∑
j=1
1
2j − 1z
|α|(2j−1)
k
)
,
which implies that
|a(0,...,αk,0...,0)|+ |b(0,...,αk,0...,0)| =
4
π
,
where |α| ≥ 1 and αk = |α|. The proof of this lemma is complete. 
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Lemma 3.2. Let α = (α1, . . . , αn) and m = (m1, . . . , mn) be multi-indices satisfying
|α| ≥ 1 and mk ≥ αk for all k ∈ {1, . . . , n}. Then
|α||α|
αα
≤ n|m|.
Furthermore, the above equality holds if and only if α = m and m1 = · · · = mn.
Proof. Since ( |α|
αk
)αk
=
(
1 +
|α| − αk
αk
)αk
≤
(
1 +
|α| − αk
mk
)mk
≤
(
1 +
|m| −mk
mk
)mk
=
( |m|
mk
)mk
,
in the case αk ≥ 1, we see that
(3.5)
|α||α|
αα
=
n∏
k=1
( |α|
αk
)αk
≤
n∏
k=1
( |m|
mk
)mk
=
|m||m|
mm
.
Next, we show that
|m||m|
mm
≤ n|m|.
For any fixed ǫ > 0, let µ(x) = (x + ǫ) log(x + ǫ), x ≥ 0. Then µ is strictly convex
in [0,∞). It follows from Jensen’s inequality that∑n
k=1 µ(mk)
n
≥ µ
(∑n
k=1mk
n
)
.
Consequently,
lim
ǫ→0+
∑n
k=1 µ(mk)
n
≥ lim
ǫ→0+
µ
(∑n
k=1mk
n
)
,
which, together with (3.5), implies that
|α||α|
αα
≤ |m|
|m|
mm
≤ n|m|.
The proof of this lemma is complete. 
The proof of Theorem 1.8. We first give a proof for (ii). It suffices to show for
z ∈ Bℓn
2
\ {0}. Let ξ = (ξ1, . . . , ξn) ∈ Bℓn
2
\ {0} be fixed. Then there exists a unitary
matrix Uξ such that Uξξ
T = (‖ξ‖2, 0, . . . , 0)T . Let
P =


1 0 · · · 0
0 sξ · · · 0
... · · · ...
0 0 · · · sξ

Uξ,
where sξ = (1− ‖ξ‖22)
1
2 . Let
ϕT (z) =
P (zT − ξT )
1− 〈z, ξ〉 =
(
P1(z
T − ξT )
1− 〈z, ξ〉 , . . . ,
Pn(z
T − ξT )
1− 〈z, ξ〉
)T
,
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where P = (P T1 , . . . , P
T
n )
T . Since U
T
ξ Pξ
T = ξT and U
T
ξ PQξ = sξQξ, U
T
ξ ϕ
T (z) can
be written as follows:
U
T
ξ ϕ
T (z) = −ξ
T − Pξ(z)T − sξQξ(z)T
1− 〈z, ξ〉 ,
where Pξ is the orthogonal projection of C
n onto the subspace [ξ] generated by ξ,
and Qξ = I−Pξ is the projection onto the orthogonal complement of [ξ]. According
to the representation of automorphism of Bℓn
2
in [30, Chapter 2] (or [8, 20]), we
obtain that ϕ ∈ Aut(Bℓn
2
), where Aut(Bℓn
2
) is the automorphism group of Bℓn
2
.
Let f be a pluriharmonic function of Bℓn
2
into C satisfying supz∈Bℓn
2
|f(z)| ≤ 1.
Then, by [32], we see that f has a representation f = h + g, where h and g are
holomorphic in Bℓn
2
with g(0) = 0. Let
F(z) := f(ϕ−1(z)) = H(z) +G(z),
where
H(z) := h(ϕ−1(z)) = c0 +
∞∑
k=1
∑
|α|=k
cαz
α
and
G(z) := g(ϕ−1(z)) = d0 +
∞∑
k=1
∑
|α|=k
dαz
α.
Then
f(z) = F(ϕ(z)) = c0 +
∞∑
k=1
∑
|α|=k
cαuα(z)vα(z) + d0 +
∞∑
k=1
∑
|α|=k
dαuα(z)vα(z),
where uα(z) =
∏n
j=1(Pj(z
T − ξT ))αj and vα(z) = (1 − 〈z, ξ〉)−|α|. Then for the
multi-index m = (m1, . . . , mn) 6= 0, we have
(3.6)
∂|m|f(z)
∂zm11 · · ·∂zmnn
=
∞∑
k=1
∑
|α|=k
cα
∂|m|(uα(z)vα(z))
∂zm11 · · ·∂zmnn
and
(3.7)
∂|m|f(z)
∂zm11 · · ·∂zmnn
=
∞∑
k=1
∑
|α|=k
dα
∂|m|(uα(z)vα(z))
∂zm11 · · ·∂zmnn
.
By elementary calculations, we see that for |m| ≥ |α|,
(3.8)
∂|m|(uα(ξ)vα(ξ))
∂zm11 · · ·∂zmnn
=
∑
|β|=|α|,mj≥βj
∂|β|uα(ξ)
∂zβ11 · · ·∂zβnn
∂|m|−|β|vα(ξ)
∂zm1−β11 · · ·∂zmn−βnn
n∏
j=1
(
mj
βj
)
,
where β = (β1, . . . , βn) is a multi-index.
Claim 1. ∣∣∣∣ ∂|β|uα(ξ)∂zβ11 · · ·∂zβnn
∣∣∣∣ ≤ |α|!
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for all β with |β| = |α|.
Now we prove Claim 1. Set
P = (pjk)1≤j,k≤n.
Then, we have
uα(z) =
n∏
k=1
(
n∑
j=1
pkj(zj − ξj)
)αk
.
By calculating the partial derivative directly from the above formula and using
|pjk| ≤ 1 (1 ≤ j, k ≤ n), we can prove that∣∣∣∣ ∂|β|uα(ξ)∂zβ11 · · ·∂zβnn
∣∣∣∣ ≤
∣∣∣∣ ∂|β|u˜α(ξ)∂zβ11 · · ·∂zβnn
∣∣∣∣ ,
where
u˜α(z) =
n∏
k=1
(
n∑
j=1
(zj − ξj)
)αk
=
(
n∑
j=1
(zj − ξj)
)|α|
.
Since
∂|β|u˜α(ξ)
∂zβ11 · · ·∂zβnn
= |α|!,
we obtain the desired result.
Claim 2. For |β| = |α| ≥ 1 and mj ≥ βj for j = 1, . . . , n,∣∣∣∣ ∂|m|−|β|vα(ξ)∂zm1−β11 · · ·∂zmn−βnn
∣∣∣∣ ≤ (|m| − 1)!(|α| − 1)!
∏n
j=1 |ξj|mj−βj
(1− ‖ξ‖22)|m|
.
Next, we prove Claim 2. Elementary computations show that
∂|m|−|β|vα(z)
∂zm1−β11 · · ·∂zmn−βnn
= |α|(|α|+ 1) · · · (|m| − 1)
∏n
j=1 ξ
mj−βj
j
(1− 〈z, ξ〉)|m| .
Then replacing z by ξ, implies that Claim 2 is true. The proof of this claim is
finished.
Let
∂mωα(ξ) :=
∂|m|ωα(ξ)
∂zm11 · · ·∂zmnn
,
where ωα = uαvα. Then combining (3.8), Claims 1 and 2 gives
|∂mωα(ξ)| ≤
∑
|β|=|α|,mj≥βj
|α|! (|m| − 1)!
(|α| − 1)!(1− ‖ξ‖22)|m|
n∏
j=1
|ξj|mj−βj
(
mj
βj
)
≤
∑
|β|=|α|,mj≥βj
|m|!
(1− ‖ξ‖22)|m|
n∏
j=1
|ξj|mj−βj
(
mj
βj
)
,
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which, together with (3.6), (3.7), Lemmas 3.1 and 3.2, implies that∣∣∣∣ ∂|m|f(ξ)∂zm11 · · ·∂zmnn
∣∣∣∣ +
∣∣∣∣ ∂|m|f(ξ)∂zm11 · · ·∂zmnn
∣∣∣∣ ≤
∞∑
k=1
∑
|α|=k
(|cα|+ |dα|) |∂mωα(ξ)|(3.9)
≤
|m|∑
k=1
∑
|α|=k
4
π
( |α||α|
αα
) 1
2 ∑
|β|=|α|,mj≥βj
|m|!
(1− ‖ξ‖22)|m|
n∏
j=1
|ξj|mj−βj
(
mj
βj
)
≤ 4n
|m|
2
π(1− ‖ξ‖22)|m|
Ψ(ξ),
where
Ψ(ξ) =
|m|∑
k=1
∑
|α|=k
∑
|β|=|α|,mj≥βj
|m|!
n∏
j=1
|ξj|mj−βj
(
mj
βj
)
.
In the following, we begin to estimate Ψ(ξ). Since the dimension of the space of
k-homogeneous polynomials in Cn is
(
n+k−1
n−1
)
, we see that
Ψ(ξ) = |m|!
|m|∑
k=1
∑
|β|=k,mj≥βj
n∏
j=1
|ξj|mj−βj
(
mj
βj
)(
n + k − 1
n− 1
)
(3.10)
≤ |m|!
n∏
j=1
(1 + |ξj|)mj
(
n+ |m| − 1
n− 1
)
.
Therefore, substituting (3.10) into (3.9) and replacing ξ by z, we can get the
desired result.
Next, we give a proof for (i). As in the proof for (ii), we have∣∣∣∣∂mf(ξ)∂zm
∣∣∣∣ +
∣∣∣∣∂mf(ξ)∂zm
∣∣∣∣ ≤
∞∑
α=1
(|cα|+ |dα|) |∂mωα(ξ)|
≤ 4
π(1− |ξ|2)m
m∑
α=1
α(m− 1)!|ξ|m−α
(
m
α
)
=
4
π(1− |ξ|2)mm!(1 + |ξ|)
m−1.
Now we prove the sharpness part for n = 1. For z ∈ D, let
fm(z) =
2
π
arg
(
1 + zm
1− zm
)
=
2
iπ
(
∞∑
j=1
1
2j − 1z
(2j−1)m −
∞∑
j=1
1
2j − 1z
(2j−1)m
)
.
Then fm is harmonic on D, |fm(z)| < 1 for z ∈ D and∣∣∣∣∂mfm(0)∂zm
∣∣∣∣+
∣∣∣∣∂mfm(0)∂zm
∣∣∣∣ = 4πm!.
The proof of this theorem is complete. 
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